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Introduction 

The  general  problem  of  unbi£.sed  estimation  rtiay  be  stated 
as  follows:   For  a  family  of  densitv  functi^ms  f(x,e)  find 
those  estimators  of  9  whose  vcriance  is,  in  some  sense, 
smallest,  subject  to  the  restriction  th&t  the  mean  of  the 
estimator  be  B, 

The  sense  of  minimalit^'■  that  h-^  s  undergone  the  nost  care- 
ful scrutiny  has  been  uniform  smallness.   An  unbiased  estimator 
which  has  uniformly  minimum  variance  is  called  uniformly  ef- 
ficient (u,  e,).   Within  this  framework  there  are  four  main 
questions  which  have  been  considered, 

1,  When  do  u,  e,  estimators  exist?  The  problem  here 
does  not  concern  the  existence  of  unbiased  estimators. 
Rather  ,  given  that  at  least  one  unbiased  estimator  of 
finite  variance  exists  (i.  e,  9   is  estimable)  when  will 
there  be  one  which  is  u.  e.   It  is  well  known  [8,9]  that 
in  case  there  exists  a  real  valued  sufficient  statistic, 
t,  then  the  conditional  expectation  of  s  -^'iven  t,  where 
s  is  any  unbiased  estimator  such  that  the  variance  of  s 
is  finite  for  each  9,  will  be  u,  e.   In  z^^^'^^'^t    when  no 
such  statistic  exists,  there  may  or  mav  not  be  a  u,  e, 
estimator  and  no  general  theory  covers  this  case, 

2,  When  ere  u.  e,  estimators  unique?  Uniqueness  here 
refers  to  essential  uniqueness,  i.  e,  two  estimators  are 
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the  same  when  the  set  in  the  sample  space  on  which  they 
differ  has  probability  zero.   In  case  a  real  valued,  com- 
plete, sufficient  statistic  exists,  essential  uniqueness 
is  guaranteed.   When  no  such  statistic  exists,  there  is 
no  general  theory, 

3,   How  does  one  verify  that  a  given  estimator  is  u,  e,? 
The  Cramer-Rao  inequality  [5]  provides  a  Icwer  bound  for 
the  variance  of  any  unbiased  estimator.  Hence,  if  any 
particular  estimator  has  variance  uniformly  equal  to  the 
lower  bound,  it  must  be  u,  e«   However,  a  necessary  con- 
dition for  this  to  hold  is  that  the  estimator  be  a  function 
of  a  real  valued,  complete,  sufficient  statistic.   In  this 
case,  we  are  already  guaranteed  that  it  is  u,  e.   In  the 
general  situation,  it  is  a  difficult  matter  to  show  that  a 
given  estimator  is  u,  e, 

Ij.,   Can  a  purely  randomized  esitimator  be  u,  e.?  Within 
the  framework  of  estimable  parameters,  this  question  can 
be  immediately  answered  in  the  negative  by  an  appeal  to 
the  Rao-Blackwell  Theorem  [1], 

Obviously,  for  a  wide  class  of  distributions,  no  u,  e, 
estimator  exists.   Frequently  in  applications  one  is  concerned 
prirasrilv  with  high  precision  in  the  neighborhood  of  a  parameter 
value  of  particular  interest,  say  0  •  A   particularly  apoealing 
criterion  is  therefore  minimization  of  the  variance  at  0^, 
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Stein  [63  successfully  studied  the  problem  of  locally 
best  unbiased  estimation,  with  reference  to  the  above  questions. 
He  gave  conditions  for  existence  and  uniqueness  and  gave  a 
functional  equation  for  the  determination  and  verification  of 
such  estimators.  Randomization  is  again  unnecessary  by  the 
Rao-Blackwell  Theorem, 

One  may  consider  the  locally  best  unbiesed  estimator  as 
the  estimator  which  has  minimum  Bayes  risk  among  all  unbiased 
estimators  with  respect  to  an  a  priori  measure  which  puts  full 
weight  on  the  point  6  .   All  of  the  above  questions  may  be  asked 
of  Bayes  solutions  for  more  general  a  priori  distributions.   In 
the  following  sections,  for  compact  parameter  sets  we  generalize 
Stein's  results  concerning  existence  and  uniqueness  (which 
guarantees  admissibility).   The  final  section  studies  the 
question  of  completeness  of  the  class  of  Bayes  solutions. 


1,  Abstract 

Let  f(x,9)  be  a  given  density  functicn  continuous  in  9, 
9  e  \'l,    where  jl  is  a  compact  subset  of  the  real  line.   Let 
y^   be  the  class  of  randomized  unbiased  estimators,  5(x),  of 
9.   For  squared  error  loss  function,  the  class  of  Bayes  so- 
lutions is  shown  to  bf?  essentially  complete  relative  to  r^J  , 
If  .'"'.  is  convex  then  every  purely  randomized  5(x)  is  inadmissi- 
ble since  by  the  Rao-Blackwell  theorem  E[5(x)]  has  smaller  risk, 
A  theorem  cf  Stein  concerning  locally  best  unbiased  estimators 
is  generalized  to  provide  conditions  for  uniqueness  (and  there- 
fore admissibility)  of  Bayes  solutions  and  functional  equations 
for  their  determination.   If  the  uniqueness  condition  is  satis- 
fied, then  the  above  class  is  a  complete  class  of  sdmissible 
unbiased  estimators,, 


2.  Ul\TIQUENi:3.S  OP  BA"^ni;S  SOLUTIOlN^S 
In  this  section  we  are  concerned  with  admissible  unbiased 
estimators  of  a  real  valued  parameter  9  of  the  density  function 
f(x,©),  e  e  ri  where  x  is  a  point  in  the  a"-finite  measure  space 
(R,V,|i.).   We  shall  assume  throughout  this  paper  that  /lis  a 
compact  subset  of  the  real  line.   Let  U  be  the  convex  set 
(i.  e.  a6^+(l-a)52eU  if  6^,&^elj,   for  0  g  a  g  D  of  unbiased 
estimators  of  9«   We  assume  at  the  outset  that  U  is  not  empty. 
We  shall  be  interested  in  that  5'(x)eU  for  which 

r"(5"',J)  =  C-|p(6'''(x)-e)2f(x,e)d;i,(x)dJ(e) 

=  ^^fjj   X^Jp  (5(x)-G)2f(x,9)dM.(x)dJ(e) 

=  5'f  u  hl^^^^'^^) 

2  2 

where  0^(6)  =  E„f6(x)-e]  ,  J{e)  is  any  a  priori  measure  over  i"2 

and  5"(x)  is  a  Bayes  solution  x^rith  respect  to  J,   The  reason 
for  this  will  be  clear  after  consideration  of  the  following 
lemma. 


LEMTIA  1,   Suppose  5"{x)  is  the  unique  estimator  minimizing 
I  o^(5)dJ(©)  for  any  distribution  function  J(9)  over  A,  Then 

6  (x)  is  admissible. 


■  p,  ■ ; 


■-/t-v-^?.   3xur 


aaedw 


Proof:   If  6~(x)  is  not  admissible  there  exists  an  esti- 
mator 5""(x)eU  with  smaller  or  equal  Bayes  risk  which  is  a 
contradiction.   Define  f.  f (x,e)dj(9 )  =  f  (x),  ¥e  now  give  a 
condition  for  uniqueness  of  Bayes  solutions: 


LEM^J^  2.   If  f  ''^f^fxi'*   dja(x)  <  oo  for  all  ©  e  'i  and  if 


for  some  5  e  U  the  Bayes  risk  r"(5,J)  is  .•  finite ,'  then  there 
exists  5"(x)  Such' that 


.(y2(5''-)dj{e)  =  ^^f\j  ,r  o^(5)dj(9). 


Moreover  5""  is  essentially  unique, i,  e,,  up  to  an  almost  every- 
where ((i)  equivalence. 

Proof:   For  any  ^  e  U  the  risk  is  given  by 


r""(5,J)  =  j^  |J^(5(x)-G)^f(x,e)  dix(x)dj(©) 


=  (^Jpj52(x)f(x,e)  du(x)dJ(e))-fj.e^dJ(©)  <  a 

Since  9  belongs  to  a  comDact  subset  of  the  re£l  line  and  J  is 
c,  d.  f.  the  last  integral  is  finite  and  hence  the  problem  is 
equivalent  to  minimizing 

1^,  jj^52(x)f  (x,©)dn,(x)dJ(e)  =  J^52(x)f  j(x)dM,(x) 


subject  to 


J"  5(x)f(x,e)  d^i(x)  =   © 


for  all  ©  e  il. 


Define  the  measure  v_  by  setting  for  set  A  e  v' 


v.(A)  =   f^(x)di4(x). 
J       1^  J 


Our  problem  is   now  the  equivalent  one   of  minimizing 


Jp52(x)dVj(x)   =    ||5||2 


where  ||  ^\\      is  the  norm  on  the  Milbert  space  Lo(dv_)  of  square 
J  2   J 

integrable  functions  with  respect  to  the  measure  v ^,   If  5  is 
unbiased  we  have, 


for  aU  ©  e  Tt    tohere '151, q)  represents  the  inner  product  between  two 

functions  in  L^Cdv,.)*   But  now  we  only  wish  to  find  the  element 

in- a  certain  convex  subset  U  of  L^Cdv-}  which  has  smallest  norm, 

d.        J 

It  is  well  known  that  any  minimizing  sequence  [5  ]  in  such  a 


convex  set  converges  strongly  to  an  essentially  unique  element 
5"(x)  which  has  smallest  norm  [2].  Furthermore  strong  convergence 

implies  weak  convergence.   Notice  that  the  first  part  of  the 

f(x  ©) 
hypothesis  of  the  lemma  guarantees  that  \    *,    i    is  an  element  in 

J 
L2(dVj),   But  then  since  each  element  in  the  minim.izing  sequence 

has 


)r — rjm —    ^ 


it  follows  from  weak  convergence  that  5"(x)  is  unbiased.   Thus 
the  proof  is  complete. 

It  may  be  noticed  that  this  proof  is  similar  to  that  of 
Stein  [6]  who  considered  the  case  corresponding  to  a  distribution 
over  .Q  vjith  all  of  its  mass  at  one  point  9    ,    i.  e.  a  locally 
best  unbiased  estimator.   Stein's  other  results  majr  also  be 
extended  to  gain  an  interesting  and  useful  description  of  ad- 
missible unbiased  estimators.   We  shall  illustrate  by  stating  a 
generalization  of  his  "Principal  Theorem'', 

THEOREM  1,   (Generalization  of  Stein's  "Principle  Theorem") 
Suppose  that  for  an  a  priori  distribution  J(e)  over  i  i, 

I  '■^1^7^!^   dn(x)  <  00,  ^1^?^!  is  finite  for  all  9  s  U  and  almost 

all  X  and  that  there  exists  an  unbiased  estimator  6  of  e  for 


which  p^(6)dJ(9)  <  00  i   Then  5"  is  the  Bayes  solution  (es- 
sentially unique  by  virtue  of  Lemma  2)  with  respect  to  J  if 
and  only  if  there  is  a  real-valued  functional  T  over  the  set 
G  of  functions  of  the  form 


^\l{9)    =    I  iZ^(x)f(x,6)d(i(x) 

R 


where  ^{x)    satisfies 


2 
^  (x)f j(x)dn{x)  <  00 


(i.  e,  ^  e   Lp(dv^),  such  that 


J  "J 


for  all  9   e  ii   and 


^l"";^!^  f(x,G)da(x))  =  e, 


y 


T   [)  j^(x)f(x,e)dix(x)i  =  I  ^(x)5"(x)fj(x)d^(x). 

Proof:   Let  5"(x)  be  the  essentially  unique  unbiased  esti- 
mator determined  in  Leroma  2,   To  sbovj  T  is  defined  in  a  con- 
sistent raanner,  suppose  ^^{x)    and  ;z^p(x)  are  members  of  G  such 
that 

I  jz(^(x)f(x,e)dix(x)  =  I  ^^{x)f{x,9)di}.{x). 


Then  ^  =  ^■^"^2   satisfies 

r  jz((x)f(x,e)dsi(x)  =  0     for  all  e  eTi. 


We  must  now  show 


{zf(x)5'""(x)dVj(x)  =  0. 


Let  e  be  any  real  number.   Since  5"  +  ejz^  is  an  unbiased  esti- 
mator of  © 


0^  Y^tHx)+t^fdv.^{x)    -  |[5"'(x)]2dVj(x) 

2  r  j2. 


=  2e|  ;2^(x)6'"(x)dVj(x)  +  8^   ;z^''(x)dVj(x), 


we  have,  dividing  the  above  by  e  and  lettin.c  e  -*-0, 

I  ^(x)6  "(x)dv-.(x)  =  0  as  desired. 

To  prove  the  converse,  suooose  5"(x)  is  any  L-(dVT)  function 
for  which  there  exists  such  a  functional  T,   Letting 

f(x,9  ) 

^^^^  =  f  Jx)   S^^^^ 
J 


5'"(x)f(x,e^)d|x(x)  =  T 


f(x,e^) 


f  (^)  f(x,e)dtx(x)  =  ©^, 


and  so  5'''(x)  is  unbiased.   If  5(x)  is  an^'-  other  unbiased  esti- 
mator of  e  with  finite  risk  it  is  an  element  of  L^idv^),      Thus 


T©  =  T   5(x)f  (x,e)d^L(x)  =   o(x)5"(x)dVj(x) 


but  also 


5'''"(x)f(x,i 


Te  =  T  1  5'"'(x)f(x,e)dtj.(x)  =  I  [5''"(x)]^dVj(x) 


Applying   Schwarz's   inequalit.y  gives 


J  [5'''(x)]^dVj(x)   ^  J 


2, 


[5(x)]"dVj(x) 


with  strict  equality  only  if  5'"(x)  is  essentially  equal  to  5(x). 
Q.  E.  D. 

Although  we  do  not  do  so  here.  Stein's  corollaries, 
([6],  pp.  lj-09;  1|.10),  also  can  be  generalized  in  a  natural 
manner  to  provide  explicit  methods  of  determination  of  T  and 
therefore  of  the  Bayes  solutions  which,  at  the  very  least,  form 
an  important  subset  of  the  admissible  class. 

Let  us  suppose  e  is  a  location  pararaeter  and  consider 
briefly  the  class  I  of  all  estiraators  5  e  U  such  that  the  variance 

0^(5)   is  invariant  under  chan'^es  in  9-,      Then  a  5   el  such  that 

2 

o  (5")  =  }        T  ^   -  can  under  certain  conditions  be  shovm  to  be 
*   '   0  e  I    ' 


(    S ) "  o 


9 

admissible,   VJe  have  an  immediate  corollary  to  Theorem  1, 

COROLLARY  1.   Suopose  that  f(x,e)  is  symmetric  in  x  about 
9,  where  9  is  a  location  parameter,  and  that  i^lis  convex. 
Further  suppose  the  assumptions  of  Theorem  1  are  satisfied  for 
J(e),  the  uniform  distribution.   Then  5'"  is  admissible. 

Proof:   The  proof  is  immediate  if  we  notice  that  5"  coin- 
coincides  with  the  well  known  Pitinan  estimetor  ikl    which  is  un- 
biased by  the  convexity  and  symmetry  assumptions  and  which  is 
the  unique  Bayes  solution  with  respect  to  the  uniform  a  priori 
distribution  over  ft  • 

Q.  E.  D. 

3,  A  Complete  Class  Theorem 
The  main  content  of  this  section  is  Theorem  2  which  assert! 
that  under  certain  conditions  the  class  of  Bayes  solutions  is 
essentially  complete.   We  begin  with  a  few  technical  lemmas. 

LEfU'iA  3.   Let  C?,*'', a)  be  a  cr-finite  measure  space  and 
(5  ;  n=0,l,2...)  be  a  sequence  of v/-mes surahle  functions  such 

that 


6„d^ 


6^dn 
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foi"   aii  B   £  y/  with  [x{B)    <   oo.     Suopose    [6    (x)f^  C    for   all 

n=0,l,2,...   X   e  R,   where   C    is   a  fixed  but   arbitrary  constant. 
Then 


for   all   g   e  L    {[i) ,    the    space   of   absolutely   integrable   functions 
with  respect   to   the  measure   (x. 

For  proof   see     [2,    Problem  6,   p.   339]. 


LEMMA  k»     Let  fl  be   a  corapact  metric   space   and 
(ti    :   n=0,l,2,,..)  be   a   sequence    of  probability  measures   on  .Q  • 
In  order  that 

rg(«)dTt„(e)  ->  rg{e)d7t^(9) 

.i  -,  n  j,^  o 

for  all  continuous  g  on  fi   it  is  sufficient  that  for  sorie  covering 

net  [D,     ,  ] 
n***  m 


1    m         1    m 


(For  the  definition  of  a  cover  in:":  net  see  [7,  p.  66] 


Proof:   Let  s.   be  continuous  over^.   Sinc< 


'  >^  ,■  ,v: 
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diam  ^  k,..,k  )  ->  0  as  m  ->  co  uniformly  in  k,,.,k  ,  given 

^,  >  0,  there  exists  m  such  that  diam  (Dj^    k  ^  =  h  for  all 

1*  *  *   m  ( 

m  ^  m^,    all   k^,..k^. 

For   any  fixed  m  >  m  , 


J«^%  =  II      ,    I 


S^K 


k^,k2...k^       D  j^ 

1         m 


Thus 


I    J     gdlt^    .    J   gdTC^ 


gdTi 


'l-^ra     K.,.k  -k....k 


^1  "  m 


'1       m 


Letting 


inf 


1       m 


g(e') 


we  have 


j;  a-„  -  [ea..|  =  r^^x...,[| 


dn      - 


l"—in  \  ^kT..k 

1  IT 


"    % 


dTC 


1        111 
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I   )  _ 

1   m 


^\- 


dii. 


\-\       ""i-K 


„  max  /o  V 


Since  i".  is  compact,  g  is  uniformly  continuous.   Therefore  given 

e  >  0  there  exists  r.      >  0  such  that 
'o 


inf 


et  e^A  S(®')  -  e«  e  A  S^^' ^  ^  ^  whenever  diam  A  s  y,^, 


Thus,  choosing  y^   < 


gdn^  -       gdTt^ 


h... 


V...k 


dTi 


!•••  m 


r  ••  m 


\  ''v.. 


dTT. 


^  D. 


^l-^m/ 


2e 


whenever  ra  ^  m 
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Fixing  ni  and  s,  letting  n  ->  oo,  we  have 


">  CO  »"  I  y^^'n  -   J,  "-'"ol  S  2' 


for 


lira 
m  ->aD 


1      m 


\ 


r-\  %      "^ 


Vfe        ''— '^--' 


dTt       ^:=   0,    by  hyoothesis, 


^r""ra 


Q.   E.    D, 

LEIHIA.   St      Let   5(A,x)   be   a  probability  raeasure    in  A  for   each 
X  and  measurable  for   each  A(A  ^  ,^i,    x  e  R),      Let  g(©'  )   be   a 
bounded  raeasurable   function   of   ©«    e  i"i.      Define    (for  y   s^ny  proba- 
bility measure   on  R ) 


(A)    =  J    5(A,x)dY(x). 


Then  v  is  a  probability  measure  on  'Land 


I; 


g(et)dv(e«)  =   i   g(e« )d5(9«,x)  J  dY(x). 

JR  \  J  a 


Note; XI  being  a  conpact  metric  space  implies  that  the  Eorel  set; 
form  a  <y-algebra. 


Ik 

Proof:   See  Loeve  ([3],  Problera  13,  page  ll|.0), 

THEOREM  2,   Let  .\"l  be  a  compact  subset  of  the  real  line, 
and  f (x,e)  continuous  in  9,   Then  the  class  -f  Bayes  solutions 
with  respect  to  a  priori  distributions  G(©)  over  Tl is  essentially 
complete  where  the  space  of  decision  functions  U  is  the  class 
of  unbiased,  randonized  estimators,  5(x,A),   That  is,  5(x,A)  is 
a  probability  measure  over  Jl  for  each  x  and  measurable  for  each 
measurable  set  A,  A  ~.  SI  ,  x  s  R«  Further,  if   is  convex  then  any 
purely  randomized  decision  function  is  inadmissible. 

Proof:   It  is  sufficient  to  show  that  the  assumptions  of 
Wald  (["],  3.1  to  3«7)are  satisfied.   Except  for  the  requirement 
that  the  class  of  decision  functions  be  closed  in  the  sense  of 
"regular  convergence"  ([?],  Assumption  3.6  (ii),  p.68),  the 
verification  of  the  other  requirements  is  analogous  to  that 
in  the  well-known  case  of  mean  squared  error  loss  function 
without  restriction  to  unbiasedness ,   Let  6(x)  be  a  member  of 
the  class  U  of  random.ized,  unbiased  estiraators,  i.  e,,  for 
each  X,  6(x)  is  a  probability  voeasure  over  ft.   Let  D  be  any 
measurable  subset  of jl.  For  fixed  x  and  a  given  decision 
function  6,  let  us  denote  the  probability  thet  the  decision 
lies  in  5  by  5(x,D)  =   f  d5(x,9).   To  say  6(x)  is  unbiased  is 

to  require  that 
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ID 


e'd5(x,e» ) 


f (x,©)d|j,(x)  =  e   for  all  ©  s  A 


We  now  show  that  the  class  of  randomized  estimators,  U  is 

'  r 

closed  in  the  sense  of  regular  convergence.  Let  [D,  ,    ,  ] 
be  a  covering  net  of  j1  and  suppose  that 


■Jn-     ±   m  ■  Hr,         1       m 


for  every  D,    ,,  in  the  net  and  everv  set  R_  e  */  of  finite  u, 
1   m 


measure,  where  [5  (x)]  is  a  sequence  of  randomized  unbiased 

estimators.   Then  we  must  show  that  5(x)  is  a  member  of  U  • 
1 


^^*  ^  =  1  \.,V^    } 


Prom  Lemma  3,  with  c  =  1,  we  get 


5  (A,x)g(x)dn(x)  ->   5  (A,x)g(x)d[i,(x) 
Ir  "  Jr  ° 


for  all  g  s  L-  ('^)  and  A  e  ■,  , 

In  particular  taking  g(x)  =  f (x,©)  we  have 


"cX)1    I (s^,A)Ob'9  I 


^o   se^Io  srijf 


y   3:J-i, 


'ol 


iri  ew   (*,x)l 


16 


5^(A,x)f(x,e>dti(x)    ->        5    (a,x)f(x,e)d^x(x) 
Jr   "  JR   ° 


for   all  ©  and   all   A   e    r\ 
V/rite 


and 


dP^  =  f (x,9)dn 


v^(.^)    =  j    5^(A,x)dP,(x) 


Rewriting  the  above  we  have  for  each  arbitrary  but  fixed  6 

vf(A)  ->  v?(A)    for  all  A  8  r  . 
n       o 


Hence,  by  leimna  I4.,   for  any  continuous  function  g(P'  )  over  f\ 


I  S(9'  )dv®(e')  ->  I  g(©')dv^(e') 


(where  in  lemma  l\.   we  have  let  it  =  v  ). 

Now  v.'^"(A)  =   6  (A,x)d?_(x).   Letting  y  =  P^  in  lemma  5 
11      ip  n       w  w 


yields 


r^(eOdv®(et)  =  J  (  j^(e»)d5^(9t,x))  dp^(x). 
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Therefore 

J  ,;  I  g(e«)d6^(ei,x)^,  dPg(x)  ->   (  J  g(e')d6^(9»,x)jdP^ 

Writing  g(©» )  =  e»  for  all  ©'  e  A  gives 


J    I- 


©»d5(x,9' )f  (x,e)dij,(x)  =  9   for  all  S  e 


and  6(x)  is  an  unbiased  randomized  estimator.   Thus  U   is  closed 

in  the  sense  of  regular  convergence  and  the  assuraptions  of  V/ald 
are  satisfied.  Therefore  essential  completeness  is  proved. 

Frequently  it  will  not  be  necessary  to  use  a  randomized 
estimator  for  one  may  apply  the  Rao-Blackwell  theorem,  ( [51 ,  [i|]  )• 
That  is,  for  any  fixed  x,  5(x)  defines  a  probability  measure 
over  .\  ^  .   Consider  for  use  as  an  estimator  the  conditional  ex- 
pected value  of  e,  under  this  distribution,  given  x.   If  \  'i   is 
convex  this  new  non-randomized  estimator  is  unbiased,  it  has 
variance  less  than  or  equal  to  that  of  its  generator,  the 
randomized  estimator,  which  is  therefore  inadmissible.   The 
proof  is  now  complete. 

An  extension  of  this  theorem  to  the  case  pertinent  to 
robustness  is  inraediate.   Introduction  of  the  "nuisance"  pa- 
rameter \   disturbs  only  the  property  that  VJald's  assumotion  3,7 
([7j,  p.  96)  is  satisfied.   Let 


E 


and 


=  I  f(x,9,X)  1^  X  e  A,  G  e  .'  and  let  f^t.      ;  n  =  1,2,3. 


^-?)    3iD(-«r) 
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*=r^^  '^^  =  M^:^^R  I  J,  f^n^^'^*^^  "  f  (x,^,A)]dix(x)  | 


where  M  is  any  |a,-measurable  subset  of  R.   Assumption  3.7  concerns 
itself  with  conroactness  of  >   in  the  sense  of  the  metric  t 

and  the  property  that  if  f   ->  f  in  the  sense  of  t  ,  then 

eTo  l^'^^n  '^^  "  w(f,e)|  ->  0. 

o 
where  W  is  the  loss  function  (e-§)  .   Since  assumptions  3.1  to 
3,6  are  not  affected  by  X  vje  have 

COROLLARY  2,   If  f(x,9,X)  is  a  family  of  density  functions, 
\  e  A  where  j\.  contains  f  initeljr  many  points  such  that  for  each 
fixed  A  the  assumptions  of  theorem  2  are  satisfied,  then  the 
class  of  Bayes  solutions  v/ith  respect  to  a  priori  distributions 
over  A  X  /_  is  essentially  co^-.plete  with  respect  to  the  class  of 
randomized  unbiased  estimators. 

The  proof  of  the  corollary  follows  immediately  from  the 
fact  that  the  assumptions  3.1-3.9  are  satisfied  in  the  same 
way  as  in  the  case  when  ^\  contained  only  one  point.  We  summa- 
rize with  the  following  corollary. 


COROLL-'^Ry  3.   If  for  each  J  the  conditions  of  lemraa  2  and 
the  conditions  of  theorem  2  are  satisfied  then  the  class  of 
Bayes  solutions  form.s  an  essentially  complete  class  of 
admissible  estimators* 


913dW 


or,:.!'):    E*- 
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